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Group Structure of an Extended Poincare Group
James Lindesay∗
Abstract
In previous papers we extended the Lorentz and Poincare groups to include a set of Dirac boosts
that give a direct correspondence with a set of generators which for spin 1/2 systems are proportional
to the Dirac matrices. The groups are particularly useful for developing general linear wave equations
beyond spin 1/2 systems. In this paper we develop explicit group properties of the extended Poincare
group to obtain group parameters that will be useful for physical calculations in systems which manifest
the group properties. The inclusion of space-time translations will allow future explorations of the
gauge properties inherent in the group structure.
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1 Introduction
One of the most useful properties of Dirac’s equation[1] for spinor fields is that the equations satisfy a
linear energy-momentum relationship in the field equations. In previous papers[2][3][4] we have developed
a set of group generators and field equations that generalize Dirac’s formulation. The equations have
appropriate correspondence with the Dirac equation for spin 1/2 systems.
In this paper, we will develop the group structure elements for the extended Poincare group developed
in reference[3]. We will build on the extended Lorentz group structure elements developed in reference[4].
We will explicitly calculate those group structure elements that will be relavant for calculations involving
systems which have the extended Poincare group as a local gauge pre-symmetry. In future submissions
we will examine the quantum geometrodynamics of systems with extended Poincare pre-symmetry.
2 Group Theoretic Conventions
We will continue to utilize the group conventions and parameterization developed for the extended
Lorentz subgroup of this extended Poincare group developed in reference [4]. In particular, the generators
of infinitesimal transformations for operator representations are given by
iXr ≡ ∂
∂Mr S(M)
∣
∣
∣∣
M=I
. (2.1)
and Lie structure matrices are defined by
Θ
s
r(M) ≡
∂Φs(M′;M)
∂M′r
∣
∣
∣
∣
M′=I
, (2.2)
where Φs(M′;M) is the group composition (closure) element resulting from the operationM′ on element
M. The generators transform under the representations of the group as given by the relation
S(M−1)Xr S(M) = O+sr(M)Xs (2.3)
where the matrices O+ given by
O+sr(M) ≡
∂
∂M′rΦ
s(M−1 ; Φ(M′ ; M))
∣∣
∣
∣
M′=I
(2.4)
form a fundamental representation of the group. The Lie structure matrices are useful to determine
transformation properties of gauge fields[5].
We will therefore calculate the group matrix elements O+ and Θ that determine the transformation
properties of generators and gauge fields for this group. In subsequent papers, these elements will be used
in developing dynamical models for physical systems.
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3 Extended Group Commutation Relations
As developed previously, the commutation relationships between the generators of this extended
Lorentz group are given by
[Jj , Jk] = i ǫjkm Jm (3.1)
[Jj , Kk] = i ǫjkmKm (3.2)
[Kj , Kk] = −i ǫjkm Jm (3.3)
[
Γ0 , Γk
]
= iKk (3.4)
[
Γ0 , Jk
]
= 0 (3.5)
[
Γ0 , Kk
]
= −iΓk (3.6)
[
Γj , Γk
]
= −i ǫjkm Jm (3.7)
[
Γj , Jk
]
= i ǫjkm Γ
m (3.8)
[
Γj , Kk
]
= −i δjk Γ0 (3.9)
An extended Lorentz group Casimir operator can be constructed in the form
CΛ = J · J − K ·K + Γ0 Γ0 − Γ · Γ. (3.10)
For the extended Poincare group, the non-vanishing extended translation commutators involving the
operators Pˆµ and Gˆ are given by
[Jj , Pk] = i ǫjkm Pm (3.11)
[Kj , P0] = −i Pj (3.12)
[Kj , Pk] = −i δjk P0 (3.13)
[Γµ , Pν ] = ±i δµν G (3.14)
[Γµ , G] = ±i ηµν Pν (3.15)
where the upper signs were used in the previous results[3]. We can construct an extended Poincare group
Casimir operator given by
C(µ) ≡ G2 − ηβνPβPν . (3.16)
To be consistent with the group element G being the generator for representations as defined in Equation
2.1, we will choose the lower signs in Equation 3.15
[Γµ , Pν ] = −i δµν G (3.17)
[Γµ , G] = −i ηµν Pν (3.18)
2
4 Extended Poincare Group Structure
We will construct finite element transformations in the extended Poincare group in what follows. This
group will have rotations, general Lorentz transformations, the extended Lorentz transformations, and
extended translations as subgroups. A general group element is characterized by the 15 parameters given
by {α,~a, ~ω, u, θ}, where α is the element conjugate to the extended scalar translation generator G, aµ is
the element conjugate to the momentum Pµ, ωµ is the element conjugate to the Dirac boost generator Γ
µ,
βm (which is directly related to the four-velocity parameter um) is the element conjugate to the Lorentz
boost generator Km, and θ
m is the element conjugate to the angular momentum Jm.
4.1 General Lorentz Transformations
The Lorentz group is a subgroup of the extended Poincare group being developed. The four-velocity
~u is as usual defined using u0 =
√
1 + |u|2. The three-components of the four-velocity are related to
the parameters conjugate to the (Lorentz) boost generators Km by u ≡ βˆ tanhβ. We will establish our
convention for the Lorentz transformation matrices on four-vectors. The general Lorentz transformation
matrix is defined by
Λµ ν(u, θ) ≡ L Γ
β
Γµ (u)R Γ
ν
Γβ (θ), (4.1)
where L ΓβΓµ (u) ≡ Lβµ(u) and R Γ
ν
Γβ (θ) ≡ Rνβ(θ) are directly related to the 4-Lorentz boost and rotation
matrices defined in reference[4]. Since we now have 4-generators with both covariant and contravariant
properties, we will carefully exhibit all transformation properties. This matrix has the usual properties of
a Lorentz transformation, leaving invariant the group metric η
ΓµΓν
obtained from the structure constants
of the extended Lorentz group, which is proportional to the usual Minkowski metric ηµν . The inverse
of this matrix can directly be shown to result from lowering and raising its indeces using the Minkowski
metric. The inverse element of this representation of the Lorentz group satisfies
{u, θ}−1 = {−R(−θ)u,−θ} = {−uR−1(θ−1),−θ} (4.2)
The form of the infinitesimal 4-Lorentz generators
(Jm)µ ν ≡ ∂∂θmΛµ ν(0, θ)
∣
∣
∣
θ=0
(Km)µ ν ≡ ∂∂umΛµ ν(u, 0)
∣
∣
∣
u=0
(4.3)
has non-vanishing elements given by
(Jm)j k = ǫmjk
(Km)0 k = −δm,k = (Km)k 0 .
(4.4)
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4.2 Extended Translations
Group transformations parameterized by elements aµ conjugate to the generators Pµ and α conjugate
to the generator G will be referred to as extended translations. The extended translations all mutually
commute, so that this subset is an abelian subgroup.
4.2.1 Extended Lorentz Transformations on Extended Translations
We examine the effect of extended Lorentz transformations on the extended translations. Utilizing
Equation 2.3 for this representation, we can read off various elements of the fundamental representation.
For pure Lorentz tranformations, we obtain new matrix elements in addition to those obtained previously
for the extended Lorentz group:
O+
Pβ
Pµ
(0,~0,~0, u, θ) = O+
(XL)Γµ
Γβ
(~0, u−1, θ−1) = Λβ µ(u
−1, θ−1) = Λ µβ (u, θ)
O+GG(0,~0,~0, u, θ) = 1
(4.5)
where O+
(XL)Γµ
Γβ
(~ω, u, θ) are the fundamental representation matrices for the extended Lorentz group as
given in reference [4]. These relations demonstrate that ΓµPµ and G are Lorentz invariants.
For pure Dirac boosts, the additional fundamental representation elements are given by
O+
Pβ
Pµ
(0,~0, ~ω, 0, 0) = δβµ + (cos(ω)− 1)ωµω
β
ωνων
≡ Sβµ (−~ω)
O+
Pβ
G
(0,~0, ~ω, 0, 0) = −sin(ω)ωβ
ω
≡ Sβ
G
(−~ω)
O+GPµ(0,
~0, ~ω, 0, 0) = −sin(ω)ωµ
ω
≡ SGµ (−~ω)
O+GG(0,~0, ~ω, 0, 0) = cos(ω) ≡ SGG (−~ω).
(4.6)
where ωβ ≡ ηβνων and ω ≡
√−~ω · ~ω = √−ωνων .
4.2.2 Extended Translations on Extended Lorentz Transformations
There are additional fundamental representation matrix elements due to the non-vanishing commuta-
tion of the extended translation generators with the Dirac boost generators. Most of these elements are
unity on the diagonal. The only other non-vanishing elements are given by
O+
Pβ
Γµ (α,
~0,~0, 0, 0) = αηµβ
O+GΓµ(0,~a,~0, 0, 0) = a
µ
(4.7)
The general fundamental transformation matrix for the extended Poincare group is then given by
O+sr(α,~a, ~ω, u, θ) = O+
q
r(α,~0,~0, 0, 0)O+
p
q(0,~a,~0, 0, 0)O+
n
p (0,~0, ~ω, 0, 0)O+
m
n (0,~0,~0, u, 0)O+
s
m(0,~0,~0, 0, θ)
= O+qr(α,~0,~0, 0, 0)O+
p
q(0,~a,~0, 0, 0)O+
(XL) s
p (~ω, u, θ)
.
(4.8)
where O+(XL) sp are extended Lorentz group representation matrices from reference[4] expanded to include
Equations 4.5 and 4.6.
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4.3 Extended Poincare Group Transformations
To develop a description of the group structure of this extended Poincare group, we will explicitly
demonstrate the group composition rule and Lie structure elements of the complete group. The represen-
tation we have developed has been constructed by sequential pure rotation, Lorentz boost, Dirac boost,
space-time translation, and extended scalar translation:
M(α,~a, ~ω, u, θ) ≡ C(α)V(~a)W(~ω)L(u)R(θ) (4.9)
The group composition rule then defines elements in this same manner
M(α2,~a2, ~ω2, u2, θ2)M(α1,~a1, ~ω1, u1, θ1) ≡
C(α(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1))V(~a(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1))
W(~ω(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1))L(u(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1))
R(θ(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1))
(4.10)
The group composition elements can be expressed using previously constructed functions in terms of pure
extended Lorentz transformations and extended translations:
α(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1) = α2 + α1 (O+(−~ω2))GG + aν1 (O+(−θ2)O+(−u2)O+(−~ω2))GPν
aµ(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1) = a
µ
2 + α1 (O+(−~ω2))PµG + aν1 (O+(−θ2)O+(−u2)O+(−~ω2))PµPν
~ω(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1) = ~ω
(XL)(~ω2, u2, θ2 ; ~ω1, u1, θ1)
u(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1) = u
(XL)(~ω2, u2, θ2 ; ~ω1, u1, θ1)
θ(α2,~a2, ~ω2, u2, θ2 ; α1,~a1, ~ω1, u1, θ1) = θ
(XL)(~ω2, u2, θ2 ; ~ω1, u1, θ1)
(4.11)
where fundamental representation matrices with only one argument presume the vanishing of all other
elements, and ~ω(XL), u(XL), and θ(XL) are the extended Lorentz group composition rules obtained in
reference[4]. The inverse element can then be shown to be given by
{α,~a, ~ω, u, θ}−1 = {−αSG
G
(~ω−1)− ~a · Λ−1(u−1, θ−1) · ~SG(ω−1),
−α~SG(~ω−1)− ~a · Λ−1(u−1, θ−1)S(~ω−1), −~ω Λ(u−1, θ−1), −uR−1(θ−1), θ−1 = −θ}
(4.12)
where (~aΛ−1)µ = aν Λ µν and (~ω Λ)µ = ων Λ
ν
µ. More explicitly, the inverse extended translation
elements can be expressed
α−1 = −α (O+(−~ω−1))G
G
− aν (O+(−θ−1)O+(−u−1)O+(−~ω−1))G
Pν
(a−1)µ = −α (O+(−~ω−1))Pµ
G
− aν (O+(−θ−1)O+(−u−1)O+(−~ω−1))Pµ
Pν
(4.13)
where representation matrices of single arguments assume all other arguments vanish.
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4.4 Lie Structure Elements
Finally, we can use the composition rules given in Equation 4.11, along with the definition given in
Equation 2.2, to explicitly develop the Lie structure matrices
Θ
α
α(α,~a, ~ω, u, θ) = 1
Θ
α
ωµ
(α,~a, ~ω, u, θ) = aµ
Θ
aµ
aβ
(α,~a, ~ω, u, θ) = δµβ
Θ
aµ
ωβ
(α,~a, ~ω, u, θ) = αηµβ
Θ
aµ
uj
(α,~a, ~ω, u, θ) = δµ0 a
j + δµk a
0
Θ
ak
θj
(α,~a, ~ω, u, θ) = ǫjmk a
m
Θ
ωµ
s (α,~a, ~ω, u, θ) = Θ
(XL)ωµ
s (~ω, u, θ)
Θ
uj
s (α,~a, ~ω, u, θ) = Θ
(XL)uj
s (~ω, u, θ)
Θ
θj
s (α,~a, ~ω, u, θ) = Θ
(XL)θj
s (~ω, u, θ),
(4.14)
where Θ(XL) are the extended Lorentz group Lie structure matrices given in reference[4]. We will be able
to utilize these matrices in general gauge transformations for systems which have a local gauge symmetry
in this group.
5 Conclusions
We have demonstrated a group representation of the extended Poincare group developed in reference[3].
The fundamental representation matrices and Lie structure matrices have been explicitly calculated. The
group structure elements allow direct construction of finite dimensional unitary vector representations
under which quantum states transform as developed in reference[3]. The set of extended translations
are invariant under rotations (for massive systems), which is the little group for appropriately chosen
standard states. Several Lorentz invariants can be constructed from the set of generators of this group,
which provides a rich unified structure for the dynamics of physical systems. The implications of this
group structure on the quantum geometrodynamics of systems exhibiting this symmetry or pre-symmetry
will be further explored in future explorations.
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